Locally conformally Kaehler structures on homogeneous spaces by Hasegawa, Keizo & Kamishima, Yoshinobu
ar
X
iv
:1
10
1.
36
93
v1
1 
 [m
ath
.D
G]
  2
7 O
ct 
20
14 Locally Conformally Ka¨hler Structures on
Homogeneous Spaces
Keizo Hasegawa and Yoshinobu Kamishima
Abstract
We will discuss in this paper homogeneous locally conformally Ka¨hler (or
shortly homogeneous l.c.K.) manifolds and locally homogeneous l.c.K. manifolds
from various aspects of study in the field of l.c.K. geometry. We will provide
a survey of known results along with some new results and observations; in
particular we make a complete classification of 4-dimensional homogeneous and
locally homogeneous l.c.K. manifolds in terms of Lie algebras.
1 Introduction
A locally conformally Ka¨hler structure (l.c.K. structure for short) on a differentiable
manifold M is a Hermitian structure h on M with its associated fundamental form
Ω satisfying dΩ = θ ∧Ω for some closed 1-form θ (which is so called Lee form). Note
that a l.c.K. structure Ω is locally conformally Ka¨hler in the sense that there is a open
covering {Ui} of M such that Ωi = e−σi Ω is Ka¨hler form on Ui for some functions σi,
that is, dΩi = 0. The condition dΩ = θ∧Ω is equivalent to the existence of a global
closed 1-form θ (Lee form) such that θ|Ui = dσi. A differentiable manifold with a
l.c.K. structure (M,h) is called a locally conformal Ka¨hler manifold. We know that
l.c.K. structure Ω is globally conformally Ka¨hler (or Ka¨hler) if and only if θ is exact
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(or 0 respectively); and a compact l.c.K. manifold of non-Ka¨hler type (i.e. the Lee
form is neither 0 nor exact) admits no Ka¨hler structure compatible with the original
complex structure ([22]).
The inaugural study of l.c.K. manifolds was made by Vaisman in a series of
papers (c.f. [21], [22], [23], [24]) starting with the cerebrated paper [21]; and since
then there have been extensive studies on l.c.K. manifolds (c.f. [20], [7], [14], [2],
[8]). In this paper we are concerned with l.c.K. structures on homogeneous and
locally homogeneous spaces of Lie groups. There exist many examples of compact
non-Ka¨hler l.c.K. manifolds which are homogeneous or locally homogeneous spaces
of certain Lie groups, such as Hopf surfaces, Inoue surfaces, Kodaira surfaces, or
some class of elliptic surfaces (c.f. [2], [11]). Their l.c.K. structures are homogeneous
or locally homogeneous in the following sense.
Definition 1. A homogeneous locally conformally Ka¨hler (homogeneous l.c.K.
for short) manifold M is a homogeneous Hermitian manifold with its homogeneous
Hermitian structure h, defining a locally conformally Ka¨hler structure Ω on M .
Definition 2. If a simply connected homogeneous l.c.K. manifold M = G/H,
where G is a connected Lie group and H a closed subgroup of G, admits a free action
of a discrete subgroup Γ of G on the left, then we call a double coset space Γ\G/H
a locally homogeneous l.c.K. manifold.
The classification of non-Ka¨hler complex surfaces except those of class VII with
b2 > 0 is known: Kodaira surfaces, Inoue surfaces, properly elliptic surfaces of odd
type or Hopf surfaces. Almost all of these non-Ka¨hler complex surfaces, up to small
deformations, admit either homogeneous or locally homogeneous l.c.K. structures
([20], [24], [8], [2]). In fact we will see in this paper that except for the class of diagonal
Hopf surfaces with eigenvalues λ1, λ2 (|λ1| 6= |λ2|) (which admit l.c.K. structures of
Vaisman type), we can express, up to small deformations, each of these complex
surfaces as Γ\G/H, where G/H is a simply connected 4-dimensional homogeneous
l.c.K. manifold and Γ is a discrete subgroup of G (c.f. [2]).
It is known (due to Brunella [4]) that Kato surfaces, which are non-Ka¨hler com-
plex surfaces of VII with b2 > 0, also admit l.c.K. structures. And there is a con-
jecture that Kato surfaces exhaust all non-Ka¨hler complex surfaces of class VII with
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b2 > 0. Therefore, it leads to a conjecture that all of non-Ka¨hler complex surfaces
admit l.c.K. structures up to small deformations.
Let (M,h) be a l.c.K. manifold with the Lee form θ. We define the Lee field
ξ as the vector field associated to θ with respect to the Riemann metric h, that
is, ξ = h−1θ. There is an important subclass of l.c.K. manifolds, called Vaisman
manifolds.
Definition 3. A l.c.K. manifold (M,h) is of Vaisman type if the Lee field ξ is
parallel with respect to the Levi-Civita connection of h.
For a homogeneous l.c.K. manifold M = G/H with compact isotropy subgroup
H, the Lee field ξ (as an element of the Lie algebra g of G) is parallel with respect
to the Riemannian connection for h if and only if
h(▽Xξ, Y ) = h([X, ξ], Y )− h([ξ, Y ],X) + h([Y,X], ξ) = 0
for all X,Y ∈ g. Since the Lee form is closed: h([Y,X], ξ) = 0, this condition is
equivalent to
h([ξ,X], Y ) + h(X, [ξ, Y ]) = 0
for all X,Y ∈ g. And this is exactly the case when the Lee field ξ is Killing field. It
should be also noted that ξ is Killing if and only if LξΩ = 0 and LξJ = 0 for the
l.c.K. form Ω and its compatible complex structure J .
Definition 4. We define an exterior differential dθ on the de Rham complex
Λ∗(M) of a l.c.K. manifold M as
dθ : w→ −θ ∧w + dw,
which satisfies d2θ = 0 for w ∈ Λ∗(M). We call Hkθ (M) the k-th twisted cohomology
group with respect to θ.
It is known (due to de Leo´n-Lo´pez-Marrero-Pardo´n [15]) that for a Vaisman
manifold M , all Hkθ (M) vanish.
For a vector space V over R and a g-module V , we can define p-cochains as the
p-linear alternating functions on gp with values in V , which are g-modules defined
by
(γf)(x1, x2, ..., xp) = γf(x1, x2, ..., xp)−
p∑
i=1
f(x1, ..., xi−1, [γ, xi], xi+1, ..., xp),
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where γ ∈ g and f is a p-cochain (c.f. [13]). The coboundary operator is defined by
(df)(x0, x1, ..., xp) =
p∑
i=0
(−1)ixif(x0, ..., x̂i, ..., xp)
+
∑
j<k
(−1)j+kf([xj, xk], x0, ..., x̂j , ..., x̂k, ..., xp).
We are interested in the case where a g-module is defined by the representation
of g on R, assigning X ∈ g to −θ(X) for the Lee form θ on a l.c.K. Lie algebra g.
The corresponding coboundary operator is given by
dθ : w→ −θ ∧w + dw,
and its cohomology group Hpθ (g,R) is nothing but the p-th twisted cohomology group
with respect to the Lee form θ. We know ([6], [13]) that for a reductive Lie algebra
or a nilpotent Lie algebra g, all of the cohomology groups Hpθ (g,R) (p ≥ 0) vanish;
and in particular we have Ω = −θ ∧ ψ + dψ for some 1-form ψ. Based on this
observation we can determine all l.c.K. nilpotent Lie algebras and l.c.K. reductive
Lie algebras (see Section 4). On the other hand, we know (c.f. [17]) that for a locally
homogeneous l.c.K. manifold Γ\G, where G is simply connected solvable Lie group
with lattice Γ, there is a canonical injection
Hkθ (g) →֒ Hkθ (Γ\G).
Hence, for a l.c.K. solvable Lie algebras (g,Ω) with the cohomology class [Ω] 6= 0
in H2θ (g,R) a compact solvmanifold Γ\G is of non-Vaisman type (Note 5). There
exists a l.c.K. Lie algebra g of non-Vaisman type of which all cohomology groups
Hpθ (g,R) (p ≥ 0) vanish (Example 3).
There exists a very close relation between l.c.K. structures and Sasaki structures.
Definition 5.
• A contact metric structure {φ, η, J˜ , g} on M2n+1 is a contact structure φ , φ ∧
(dφ)n 6= 0 with the Reeb field η , i(η)φ = 1, i(η)dφ = 0, a (1, 1)-tensor J˜ , J˜2 =
−I + φ⊗ η and a Riemannian metric g , g(X,Y ) = φ(X)φ(Y ) + dφ(X, J˜Y ).
• A Sasaki structure on M2n+1 is a contact metric structure {φ, η, J˜ , g} satisfy-
ing Lηg = 0 (Killing field) and the integrability of J = J˜ |D on D = ker φ (CR-
structure).
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• For any Sasaki manifold N , its Ka¨hler cone C(N) is defined as C(N) = R+ ×N
with the Ka¨hler form ω = rdr ∧ φ+ r22 dφ, where a compatible complex structure Ĵ
is defined by Ĵη = 1
r
∂r and Ĵ |D = J .
For any Sasaki manifold N with contact form φ, we can define a l.c.K. form
Ω = 2
r2
ω = 2
r
dr ∧ φ+ dφ; or taking t = −2 log r, Ω = −dt ∧ φ+ dφ on M = R×N
or S1 ×N , which is of Vaisman type. We can define a family of complex structures
J compatible with Ω by
J ∂t = b ∂t + (1 + b
2) η, Jη = −∂t − b η,
where b ∈ R and the Lee field is Jη. Conversely, any simply connected complete
Vaisman manifold is of the form R×N with l.c.K. structure as above, where N is a
simply connected complete Sasaki manifold.
A l.c.K. structure on M may be defined as a Ka¨hler structure ω˜ on the universal
covering M˜ on which the the fundamental group Γ acts homothetically; that is, for
every γ ∈ Γ, γ∗ω˜ = ρ(γ)ω˜ holds for some positive constant ρ(γ).
Let M = G/H be a homogeneous l.c.K. manifold. Then its universal covering
M˜ = G˜/H˜0 is also a homogeneous l.c.K. manifold. Since the Lee form θ˜ is exact, Ω˜ is
globally conformal to a Ka¨hler structure ω˜. The Lie group G˜ acts homothetically on
M˜ from the left, and the fundamental group Γ = H˜/H˜0 acts on M˜ homothetically
from the right. Conversely, a Ka¨hler structure ω˜ on M˜ with homothetic action of G˜
from the left and Γ from the right on M˜ defines a l.c.K. structure on M .
Definition 6. Let M be a l.c.K. manifold. Suppose that the universal covering
M˜ admits a Ka¨hler potential φ, which is a real positive function on M˜ such that
ω˜ = −√−1∂∂φ defines a Ka¨hler structure on M˜ . If the fundamental group Γ acts
homothetically on φ, then we call φ a l.c.K. potential forM . ω˜ clearly defines a l.c.K.
structure on M .
We know (due to Ornea-Verbitsky [16]) that a small deformation of a compact
l.c.K. manifold with potential is also a l.c.K. manifold with potential. In other words,
l.c.K. structure with potential is preserved under small deformations.
We know that any primary Hopf surface can be deformed to a diagonal Hopf
surface, which admits a l.c.K. potential, where a diagonal Hopf surface is that of
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which the contraction map is expressed as a diagonal matrix. Hence we see that any
Hopf surface admits a l.c.K. structure. This argument also holds for any generalized
Hopf manifold of complex dimension n (a compact complex manifold of which the
universal covering is Cn − {0}) (c.f. [10]); and thus it admits a l.c.K. structure.
2 Structure theorems of compact homogeneous l.c.K.
manifolds
We have the following basic result for compact homogeneous l.c.K. manifolds [12]
(also [1] for an extended form).
Theorem 1. A compact homogeneous l.c.K. manifold M is, up to biholomor-
phism, isomorphic to a holomorphic principal fiber bundle over a flag manifold with
fiber a 1-dimensional complex torus T 1
C
. To be more precise, M can be written as a
homogeneous space form G/H, where G is a compact connected Lie group of holo-
morphic automorphisms on M which is of the form
G = S1 × S,
where S is a compact simply connected semi-simple Lie group, including the connected
component H0 of H which is a closed subgroup of S. S/H0 is a compact simply
connected homogeneous Sasaki manifold, which is a principal fiber bundle over a flag
manifold S/Q with fiber S1 = Q/H0 for some parabolic subgroup Q of S including
H0. M = G/H can be expressed as
M = S1 ×Γ S/H0,
where Γ = H/H0 is a finite abelian group acting holomorphically on the fiber T
1
C
of
the fibration G/H0 → G/Q on the right.
Sketch of Proof. Since G is a compact Lie group, it is reductive; and its Lie
algebra g is of the form:
g = t+ s,
where t is the center of g and s a semi-simple Lie algebra with [g, g] = s. Since the
Lee form θ is closed but not 0, we must have θ ∈ t∗. Let ξ be the Lee field with
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θ(ξ) = 1, and η = Jξ (the Reeb field) for the complex structure J with its associated
1-form φ satisfying φ(η) = 1. We can express g as
g =< ξ, η > + k,
where < ξ, η > is the 2-dimensional subspace of g generated by ξ and η over R, and
k = ker θ ∩ ker φ with k ⊃ h.
We can see that (1) 1 ≤ dim t ≤ 2, t ⊂ < t, η > + h; (2) The case dim t = 2 can
be reduced to the case dim t = 1; (3) ξ, η are infinitesimal automorphisms of J and
infinitesimal isometries (Killing fields) with respect to h.
Let q =< η > +h, then q is a Lie subalgebra of s and h is an ideal of q; in
fact we have q = {X ∈ s | dφ(X, s) = 0}. Let S and Q be the Lie subgroups of G
corresponding to s and q respectively. Then Q is a closed subgroup of S and H0 is a
normal subgroup of Q with Q/H0 = S
1, and η generates an S1 action on S. We can
see that the Lie subalgebra < ξ, η > of g corresponds to a 2-dimensional torus T 2
of G; ξ − √−1η defines a 1-dimensional complex torus action on M = G/H0 from
the right which is holomorphic and isometric. We have M = S1 ×Γ S/H0, where
S/H0 → S/Q is a principal S1-bundle over the flag manifold S/Q ([5], [3]); and
M → S/Q is a holomorphic principal fiber bundle over the flag manifold S/Q with
fiber T 1
C
.
Corollary 1. There exist no compact homogeneous complex l.c.K. manifolds; in
particular, no compact complex paralellizable manifolds admit their compatible l.c.K.
structures.
Proof. Only compact complex Lie groups are complex tori, which can not act
transitively on a compact l.c.K. manifold.
3 Homogeneous l.c.K. structures on Lie groups
A homogeneous l.c.K. structure on a Lie group G is nothing but a left invariant l.c.K.
structure on G. Since G can be expressed as Ĝ/∆, where ∆ is a finite subgroup of the
center of Ĝ, G admits a l.c.K. structure Ω if and only if Ĝ admits a l.c.K. structure
Ωˆ, or equivalently the Lie algebra g of G admits a l.c.K. structure Ω˜ in ∧ g∗.
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The following result leads to a result of Sawai [19] on compact locally homoge-
neous l.c.K. nilmanifolds. The proof is much simplified but essentially in the same
vein as the original one.
Theorem 2. A simply connected (non-abelian) nilpotent Lie group G of dimen-
sion 2n admits a homogeneous l.c.K. structure if and only if it is of Heisenberg
type: H2n = R×H2n−1 with canonical l.c.K. structure, where H2n−1 is a (2n − 1)-
dimensional Heisenberg Lie group.
Proof. Let g be a nilpotent Lie algebra with l.c.K. form Ω. Ω is a non-degenerate
2-form such that dΩ = α∧Ω for some closed 1-form α (Lee form). We know (due to
Dixmier [6]) that there exists a 1-form β such that Ω = −α ∧ β + dβ.
Since g is a nilpotent Lie algebra there exists a non-zero element B ∈ [g, g]∩Z(g),
where Z(g) is the center of g. Then we have Ω(X,B) = −α(X)β(B) for X ∈ g.
In particular, since Ω is non-degenerate we have β(B) 6= 0. Therefore we may
assume, multiplying a positive constant to B if necessary, that β(B) = 1. Note
that since α is a non-zero closed 1-form we have α(B) = 0. Let A be the Lee field
associated to α with respect to h, where h(X,Y ) = Ω(JX, Y ) for X,Y ∈ g. We have
α(Y ) = h(A,Y ) = Ω(JA, Y ) for Y ∈ g and α(A) = 1. Furthermore, taking β + cα
for β with some constant c ∈ R if necessary, we can assume that α, β satisfy the
condition
α(A) = 1, α(B) = 0, β(A) = 0, β(B) = 1.
Let h be the vector subspace of g generated by A,B, and n the orthogonal com-
plement of h w.r.t. Ω. Since Ω is non-degenerate, there exist Xi, Yj ∈ n, i, j = 1, ...,m
such that n is generated by Xi, Yj , and dβ =
∑
yi∧xi, where xi, yi are the dual forms
corresponding to Xi, Yi respectively.
First note that since α is closed we have A 6∈ [g, g]. Since β([A, n]) = −dβ(A, n) =
−Ω(A, n) = 0, we have [A, n] ⊂ n. We also have β([Xi, Yj]) = −dβ(Xi, Yj) =
−Ω(Xi, Yj) = δij , and thus [Xi, Yj ] = δijB mod n (i, j = 1, ...,m). Therefore n′ =<
B > +n is an ideal of g. Actually from α(X) = Ω(X,B) we get n′ = kerα and
n = kerα ∩ ker β.
Let g(i) = [g, g(i−1)], g(0) = g. Since g is nilpotent, there exists some positive
integer k such that g(k) 6= {0} and g(k+1) = {0}. We will show that g(k) = {B}. In
fact, any element Z of g(k) can be written as Z = bB+
∑
xiXi+ yjYj (b, xi, yj ∈ R).
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Then [Z, Yi] = xiB = 0 mod n, so xi = 0. In the same way we get yj = 0; and thus
g(k) = {B}.
We will show that JA = B, JXi = Yi, i = 1, 2, ...,m. First note that we have
α(Y ) = h(A,Y ) = Ω(JA, Y ) for any Y ∈ g. On the other hand, since dβ(B,Y ) = 0
we also have α(Y ) = Ω(B,Y ) for any Y ∈ g. Hence, by non-degeneracy of Ω we
must have JA = B. In particular J preserves n, and thus defines a complex structure
on n. Since we have h(Xi,Xj) = Ω(JXi,Xj) = yj(JXi) = δ
i
j and Ω(JXi, A) =
Ω(JXi, B) = Ω(JXi, Yj) = 0 for j = 1, 2, ...,m, we must have JXi = Yi for i =
1, 2, ...,m.
We can thus consider g as an extension of n′ by A, where n′ is an extension of B
by n:
0→ n′ → g→ A→ 0
0→ B → n′ → n→ 0
Since (n, J) is a nilpotent Ka¨hler algebra with Ka¨hler form dβ, n must be abelian
(due to Hano [9]). Since B belongs to the center of g, B is an infinitesimal au-
tomorphism of J , that is, LBJ = 0; and since A = JB, A is also an infinites-
imal automorphism of J , that is, LAJ = 0. We see by simple calculation that
LBΩ = LAΩ = 0. Hence, we have LBh = LAh = 0, that is, A,B are Killing fields.
In particular, we have h([A,X], Y ) + h(X, [A,Y ]) = 0 for all X,Y ∈ g. We will
show that A is in the center of g. Suppose not; then, since n is nilpotent, there
exists X0, Y0 ∈ g such that [A,X0] = Y0 is non-zero and [A,Y0] = 0. Then we have
h([A,X0], Y0) + h(X0, [A,Y0]) = h(Y0, Y0) is non-zero, contradicting to the fact that
A is Killing field.
We have shown that g is an extension of h, which is an abelian ideal generated
by A,B, by the abelian algebra n.
0→ h→ g→ n→ 0.
This completes the proof.
Corollary 2. A compact nilmanifold M of real dimension 2n admits a locally
homogeneous l.c.K. structure if and only if it is of Heisenberg type: M = Γ\H2n,
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where Γ is a lattice (uniform discrete subgroup) of H2n.
Remark 1. The Lee field on a compact locally homogeneous l.c.K. nilmanifold
M = Γ\H can be irregular for some lattices Γ.
Theorem 3. Let g be a reductive Lie algebra of dimension 2m; that is, g = t+ s,
where t is an abelian and s a semi-simple Lie subalgebra of g with s = [g, g]. Then
g admits a l.c.K. structure if and only if dim t = 1 and rank s = 1. In particular a
compact Lie group admits a homogeneous l.c.K. structure if and only if it is U(2),
S1 × SU(2) ∼= S1 × Sp(1), or S1 × SO(3); and any homogeneous l.c.K. structure on
a compact Lie group is of Vaisman type.
Proof. Suppose that g admits a l.c.K. structure Ω. Since we have h = {0},
η ∈ s and thus dim t = 1. If we apply the proof of Theorem 1 for the case h = {0},
we see that q =< η >= {V ∈ s| [η, V ] = 0}; and thus rank s = 1 (c.f. [5]). We know
all of the reductive Lie algebras g = t+ s with dim t = 1 and rank s = 1: R⊕ sl(2,R)
and u(2) = R⊕ su(2) = R⊕ so(3). We show that all homogeneous l.c.K. structures
on u(2) are the ones we obtained in Proposition 3: Ω = −θ ∧ φ + dφ; and they are
all of Vaisman type. In fact, any l.c.K. form Ω′ is of the form
Ω′ = −θ ∧ ψ + dψ,
where we can set θ = t and ψ = ax + by + cz (a, b, c ∈ R); and thus dψ = −(a y ∧
z+ b z ∧ x+ c x∧ y). For the complex structure Jδ in Proposition 2, we denote by A
the 4× 4-matrix determined by h′(U, V ) = Ω′(JδU, V ) for U, V = T,X, Y, Z. By the
condition that A is a positive-definite symmetric matrix, we can see by calculation
that b = c = 0; and thus A = aI4. Hence Ω
′ is equal to the original Ω up to constant
multiplication.
4 Compact homogeneous and locally homogeneous l.c.K.
manifolds of complex dimension 2
We know (c.f. [22], [8], [2]) that there is a class of Hopf surfaces which admit
homogeneous l.c.K. structures. We can show, applying Theorem 1, that the only
compact homogeneous l.c.K. manifolds of complex dimension 2 are Hopf surfaces of
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homogeneous type (Theorem 2). We first determine, recalling a result of Sasaki [18],
all homogeneous complex structures on G = S1×SU(2), or equivalently all complex
structures on the Lie algebra g = u(2).
Proposition 1. Let g = u(2) = R ⊕ su(2) be a reductive Lie algebra with basis
{T,X, Y, Z} of g, where T is a generator of the center R of g, and
X =
1
2
( √−1 0
0 −√−1
)
, Y =
1
2
(
0
√−1√−1 0
)
, Z =
1
2
(
0 −1
1 0
)
such that non-vanishing bracket multiplications are given by
[X,Y ] = Z, [Y,Z] = X, [Z,X] = Y.
Then g admits a family of complex structures Jδ, δ = c+
√−1 d defined by
Jδ(T − dX) = cX, Jδ(cX) = −(T − dX), JδY = ±Z, JδZ = ∓Y.
Conversely, the above family of complex structures exhaust all homogeneous complex
structures on g.
Proof. Let gC = gl(2,C) = C+ sl(2,C) be the complexficaion of g, which has
a basis bC = {T,U, V,W}, where
U =
1
2
(
−1 0
0 1
)
, V =
1
2
(
0 0
1 0
)
, W =
1
2
(
0 1
0 0
)
with the bracket multiplication defined by
[U, V ] = V, [U,W ] = −W, [V,W ] = 1
2
U.
Here we have
U =
√−1X, V = 1
2
(Z −√−1Y ), W = −1
2
(Z +
√−1Y ),
and their conjugations given by
T = T, U = −U, V = −W, W = −V.
11
We know that there is a one to one correspondence between complex structures
J and complex subalgebras h such that gC = h + h and h ∩ h = {0}. Let a be the
subalgebra of gC generated by T and b the subalgebra of gC generated by U, V,W ,
then we have
gC = a⊕ b
where a =< T >C, b =< U, V,W >C. Let π be the projection π : gC → b and c the
image of h by π, then we have
b = c+ c,
and dim c ∩ c = 1. We can set a basis η of h as η = {P + Q,R} (P ∈ a, Q,R ∈ b)
such that Q ∈ c ∩ c and γ = {Q,R} is a basis of c:
h =< P +Q,R >C, c =< Q,R >C .
Furthermore, we can assume thatQ+Q = 0 so thatQ is of the form aU+bV+bW (a ∈
R, b ∈ C).
We first consider the case whereR = qV+rW (q, r ∈ C). Since we have [gC, gC] =
b, there is some α ∈ C such that [Q,R] = αR. We see by simple calculation that if
b 6= 0, then q = sb, r = sb for some non zero constant s ∈ C. But then R = − s¯
s
R,
contradicting to the fact that β = {Q,R,R} consists a basis of b:
b =< Q,R,R >C
Hence we have b = 0, and q 6= 0, r = 0 with α = a or q = 0, r 6= 0 with α = −a.
Therefore we can take, as a basis of h, η = {T + δU, V } or {T + δU,W} with
δ = c+
√−1 d ∈ C:
h =< T + δU, V >C or < T + δU,W >C .
It should be noted that the latter defines a conjugate complex structure of the for-
mer, which are not equivalent but define biholomorphic complex structures on its
associated Lie group G.
In the case where R = pU + qV + rW, p, q, r ∈ C with p 6= 0, we show that there
exists an automorphism φ̂ on gC which maps h0 to h, preserving the conjugation,
where h0 is a subalgebra of gC of the first type with p = 0. As in the first case, we
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must have [Q,R] = ηR for some non zero constant η ∈ C. We may assume that
p = 1. We see, by simple calculation that b, q, r 6= 0 and
(a− η)q = b, (a+ η)r = b,
from which we get
a2 + |b|2 = η2 (η ∈ R),
and
|q|2 − |r|2 = 4aη|b|2 .
Then an automorphism φ on b defined by
φ(U) =
1
η
Q, φ(V ) =
|b|
2η
R, φ(W ) = −|b|
2η
R,
extends to the automorphism φ̂ on gC which satisfies the required condition.
Proposition 2. Let G = S1 × SU(2) (which is, as is well known, diffeomor-
phic to S1 × S3). Then all homogeneous complex structures on G admit their com-
patible homogeneous l.c.K. structures, defining a primary Hopf surfaces Sλ which
are compact quotient spaces of the form W/Γλ, where W = C
2\{0} and Γλ is
a cyclic group of holomorphic automorphisms on W generated by a contraction
f : (z1, z2) → (λz1, λz2) with |λ| 6= 0, 1. Furthermore, all of these l.c.K. structures
are of Vaisman type. A secondary Hopf surface with homogeneous l.c.K. structure is
obtained as a finite quotient of a primary Hopf surface: S1 ×Zm SU(2).
Proof. We consider the following canonical diffeomorphism Φδ, which turns out
to be biholomorphic for each homogeneous complex structure Jδ on g and λδ:
Φδ : R× SU(2) −→W
defined by
(t, z1, z2) −→ (λtδz1, λtδz2),
where SU(2) is identified with S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1} by the corre-
spondence: (
z1 −z2
z2 z1
)
←→ (z1, z2),
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and λδ = e
c+
√−1 d. Then we see that Φδ is a biholomorphic map. It is now clear that
Φδ induces a biholomorphism between G = S
1 × SU(2) with homogeneous complex
structure Jδ and a primary Hopf surface Sλδ =W/Γλδ .
Let t, x, y, z ∈ g∗ be the Maurer-Cartan forms corresponding to T,X, Y, Z ∈ g in
Proposition 2. Then we have
dz = −x ∧ y, dx = −y ∧ z, dy = −z ∧ x,
and
Ω = −θ ∧ φ+ dφ,
where θ = t, φ = 1
c
x, defines a l.c.K. form on g for the complex structure Jδ in
Proposition 2. Note that we have the Lee field ξ = T − d
c
η, which is irregular for an
irrational d
c
while the Reeb field η = cX, which is always regular. The Lee field ξ is
a Killing field, since we have
h([ξ, U ], V ) + h(U, [ξ, V ]) = −d(h([X,U ], V ) + h(U, [X,V ])) = 0
for all U, V ∈ g. Hence (G; Ω, Jδ) is of Vaisman type.
A secondary Hopf surface with homogeneous l.c.K. structure can be obtained
as a quotient space of a primary Hopf surface Sλδ by some finite subgroup of G.
For instance, U(2) is a quotient Lie group of G by the central subgroup Z2 =
{(1, I), (−1,−I)}. In general we have a secondary Hopf surface G/Zm = S1 ×Zm
SU(2), where Zm is a finite cyclic subgroup of G generated by c:
c = (ξ, τ), τ =
(
ξ−1 0
0 ξ
)
, ξm = 1,
with homogeneous l.c.K. structures induced from those on G by the averaging method
(c.f. [11]). A (primary or secondary) Hopf surface defined as above is called a
Hopf surface of homogeneous type, which is a holomorphic principal bundle over a
1-dimensional projective spaceCP 1 with fiber a 1-dimensional complex torus T 1
C
.
Theorem 4. Only compact homogeneous l.c.K. manifolds of complex dimension
2 are Hopf surfaces of homogeneous type (up to biholomorphism).
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Proof. It is sufficient to show that any compact homogeneous l.c.K. manifold
M of complex dimension 2 is a Hopf surface of homogeneous type as defined in
Proposition 2. As we have seen in Theorem 1, a compact homogeneous l.c.K. manifold
M of complex dimension 2 can be expressed as S1 ×Γ S, where S is a compact
homogeneous contact manifold of real dimension 3 which admits a Hopf fibration
over CP 1 with fiber S1, and Γ is a finite abelian group acting on the fiber T 1
C
of
the fibration M → CP 1. These are exactly Hopf surfaces with homogeneous l.c.K.
structures as defined in Proposition 2. Conversely a Hopf surface of homogeneous
type admits a homogeneous l.c.K. structure as defined in Proposition 2.
We classify, up to biholomorphism, all compact homogeneous and locally homo-
geneous l.c.K. manifolds of complex dimension 2. To be more precise, there exist
three types of compact locally homogeneous complex manifolds: (1) homogeneous
complex manifold G/H, (2) locally homogeneous complex manifold Γ\G, where G is
a simply connected homogeneous complex unimodular Lie group with a lattice Γ, (3)
locally homogeneous complex manifold Γ\G/H, where G/H is a simply connected
homogeneous complex manifold with a non-trivial closed subgroup H and a discrete
subgroup Γ of G.
We first classify all unimodular Lie groups of real dimension 4; then pick up those
admitting lattices.
Proposition 3. Let n be the real nilpotent Lie algebra of dimension 3, which
has a basis {X,Y,Z} with bracket multiplication defined by [X,Y ] = [X,Z] = 0 and
[Y,Z] = −X. Then, there are two classes of unimodular solvable Lie algebras g of
the form n⋊R (semi-direct sum) with n = [g, g], where the adjoint representation is
given by the following:
(1) adWX = 0, adWY = −Z, adWZ = Y ,
(2) adWX = 0, adWY = Y, adWZ = −Z,
where W is a generator of R and adWV = [W,V ].
Proof. Let adWY and adWZ is given by
adWY = aY + bZ + pX, adWZ = cY + dZ + qX.
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By Jacobi identity, we have
[adWY,Z] + [Y, adWZ] = adW [Y,Z].
It follows that adWX = (a + d)X. Since g is unimodular, a + d = 0; and in
particular, we have adWX = 0, that is, X generates the center of g. Therefore, g is
given by the following bracket multiplication:
[Y,Z] = −X, [W,X] = 0, [W,Y ] = aY + bZ, [W,Z] = cY + (−a)Z.
In case a = 0, since [g, g] = n, we must have b 6= 0, c 6= 0. If we put W ′ =
1
c
W,X ′ = − b
c
X,Y ′ = Y,Z ′ = − b
c
Z, then we get
[Y ′, Z ′] = −X ′, [W ′, Y ′] = −Z ′, [W ′, Z ′] = Y ′.
In case a 6= 0, the coefficient matrix has the determinant −a2 − bc 6= 0 and trace
0. If a2 + bc > 0, then it is diagonalizable with eigenvalues α, β (α + β = 0). Hence
we can assume g has the form
[Y,Z] = −X, [W,Y ] = Y, [W,Z] = −Z.
If a2 + bc < 0, then we can assume that g has the form
[Y,Z] = −X, [W,Y ] = Y + bZ, [W,Z] = cY − Z,
where b, c 6= 0 and 1 + bc < 0.
If we put Y ′ = Y − 1
c
Z, then we have
[Y ′, Z] = −X, [W,Y ′] = bc+ 1
c
Z, [W,Z] = cY ′
If we put Z ′ = − bc+1
c
Z, W ′ = 1
c
W, X ′ = − bc+1
c
X, then we get
[Y ′, Z ′] = −X ′, [W ′, Y ′] = −Z ′, [W ′, Z ′] = Y ′
Note 1. A simply connected solvable Lie group associated with the unimodular
solvable Lie algebras g of type (1), or of type (2) admits a lattice, defining a secondary
Kodaira surface, or an Inoue surface of type S+ respectively. In particular, any simply
connected solvable Lie group of dimension 4 corresponding to a unimodular solvable
Lie algebra g of the form n⋊R with n = [g, g] admits a lattice.
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Proposition 4. There are six classes of unimodular solvable Lie algebras g of
the form R3 ⋊R, where the adjoint representation is given by the following:
adWXi =
3∑
j=1
aijXj , i = 1, 2, 3,
where {X1,X2,X3} is a basis of R3, W a generator of R, and A = (aij) a 3× 3 real
matrix with TrA = 0. Taking a suitable basis and a generator, we can classify A into
six types according to its eigenvalues:
(3) all the eigenvalues are zero
(i)
 0 1 00 0 1
0 0 0
 , (ii)
 0 1 00 0 0
0 0 0
 .
(4) only one of the eigenvalues is zero 0 0 00 a 0
0 0 −a
 , a ∈ R (a 6= 0).
(5) zero and pure imaginary complex eigenvalues
 0 0 00 0 −b
0 b 0
 , b ∈ R (b 6= 0).
(6) three distinct real eigenvalues
 a 0 00 b 0
0 0 −(a+ b)
 , a, b ∈ R (a, b 6= 0).
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(7) a single and double eigenvalues
(i)
 −2a 0 00 a 0
0 0 a
 , (ii)
 −2a 0 00 a 1
0 0 a
 , a ∈ R (a 6= 0).
(8) one real and non-real complex eigenvalues
 −2a 0 00 a −b
0 b a
 , a, b ∈ R (a, b 6= 0).
Note 2. All simply connected solvable Lie group associated with the unimodular
solvable Lie algebras g of the above types except (7) admits lattices, defining com-
pact solvmanifolds of dimension 4. The unimodular solvable Lie algebra g of type
(3)(ii), (5) and (8) with suitable a, b is corresponding to Kodaira surface, Hyperel-
liptic surface and Inoue surface of type S0 respectively.
We can see, from the following lemma that a simply connected solvable Lie group
associated with the unimodular solvable Lie algebras g of type (7) does not admit
any lattice.
Lemma 1. Let Φ(t) be a polynomial of the form Φ(t) = t3−mt2+nt−1 (m,n ∈ Z).
Then, it has a real double root a if and only if a = 1 or −1 for which Φ(t) =
t3 − 3t2 + 3t− 1 or Φ(t) = t3 + t2 − t− 1 respectively.
Proof. Assume that Φ(t) has a double root a and another root b. Then we have
that a2b = 1, 2a+ b = m,a2 +2ab = n, from which we deduce that ma2− 2na+3 =
0, 3a2 − 2ma+ n = 0; and thus 2(m2 − 3n)a = mn− 9. If m2 = 3n, then m = n = 3
and a = 1. If m2 6= 3n, then we have that a = mn−92(m2−3n) , which is a rational number.
Since we have that 2a+ 1
a2
= m ∈ Z, a must be 1 or −1.
A lattice Γ of a simply connected solvable Lie group associated with the uni-
modular solvable Lie algebras g of type R3 ⋊ R is of the form Z3 ⋊ Z, where the
action φ : Z→ Aut(Z3) is determined by φ(1) = A ∈ SL(3,Z); and the characteristic
polynomial Φ(t) of A is of the form Φ(t) = t3 −mt2 + nt− 1 (m,n ∈ Z). According
to the above lemma, Φ(t) can have a double root a if and only if a = 1 or −1.
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Theorem 5. There are ten classes of unimodular Lie algebras of dimension 4;
eight classes of solvable Lie algebras obtained in the proposition 3 and 4, and two
classes of reductive Lie algebras: gl(2,R) = R⊕sl(2,R) and u(2) = R⊕su(2). Their
associated simply connected reductive Lie groups admit lattices, defining a properly
elliptic surface and a Hopf surface respectively.
Proof. Applying Levi decomposition, a Lie algebra of dimension 4 is either
solvable or reductive of the form R ⊕ s, where s is a simple Lie algebra, which is
either sl(2,R) or su(2).
We will see that most of non-Ka¨hler complex surfaces of the form Γ\G with a
unimodular Lie group G having a lattice Γ admit locally homogeneous l.c.K. struc-
tures ([11]). In the following list the Lie algebra g is generated by X,Y,Z,W with
the specified brackets multiplication.
(1) Primary Kodaira surface: [X,Y ] = −Z, and all other brackets vanish.
(2) Secondary Kodaira surface: [X,Y ] = −Z, [W,X] = −Y, [W,Y ] = X, and all
other brackets vanish.
(3) Inoue surface S±: [Y,Z] = −X, [W,Y ] = Y, [W,Z] = −Z, and all other
brackets vanish.
(4) Inoue surface S0: [W,X] = −12X − bY, [W,Y ] = bX − 12Y, [W,Z] = Z, and all
other brackets vanish.
(5) Properly elliptic surface: [X,Y ] = −Z, [Z,X] = Y, [Z, Y ] = −X, and all other
brackets vanish.
(6) Hopf surface: [X,Y ] = −Z, [Z,X] = −Y, [Z, Y ] = X, and all other brackets
vanish.
For all cases, we have a homogeneous complex structure defined by
JY = X,JX = −Y, JW = Z, JZ = −W,
and its compatible l.c.K. form Ω = x ∧ y + z ∧ w with the Lee form θ = w, where
x, y, z, w are the Maurer-Cartan forms corresponding to X,Y,Z,W respectively.
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Note 3. For Inoue surfaces of type S+, we have other homogeneous complex
structures:
JY = X,JX = −Y, JW = Z + qX, JZ = −W + qY,
with non-zero real number q, for which there exist no compatible l.c.K. structures
(due to Belgun [2]).
Note 4. For properly elliptic surface and Hopf surfaces, we have other homoge-
neous complex structures
JY = X,JX = −Y, JW = bW + (b2 + 1)Z, JZ = −W − bZ,
with no-zero real number b, for all of which Ω defines a compatible l.c.K. structure.
Any locally homogeneous l.c.K. Hopf surface is of Vaisman type, while some of locally
homogeneous l.c.K. properly elliptic surfaces are of non-Vaisman type (Example 3).
Note 5.
• For secondary Kodaira surface, the Lee filed ξ = W , and the bracket multipli-
cation is given by [X,Y ] = −Z, [W,X] = −Y, [W,Y ] = X. We get by simple
calculation,
h(▽UW,V ) = h([W,U ], Y ) + h(U, [W,V ]) = 0
for any U, V ∈ g. Hence ξ is a Killing field. It is also easy to check Ω = −w∧z+dz.
• For Inoue surface S±, the Lee filed ξ = W , and the bracket multiplication is
given by [Y,Z] = −X, [W,Y ] = Y, [W,Z] = −Z. We get by simple calculation,
h(▽ZW,Z) = h([W,Z], Z) + h(Z, [W,Z]) = −2h(Z,Z) 6= 0.
Hence ξ is not a Killing field. It is also easy to check that there is no invariant
1-form v such that Ω = −w ∧ v + dv.
Theorem 6. Only compact locally homogeneous l.c.K. manifolds Γ\G/H of real
dimension 4 with non-trivial closed subgroup H are Inoue surfaces of type S− (Exam-
ple 1), Hopf surfaces of locally homogeneous type (Example 2) and properly elliptic
surfaces.
Proof. Let M = G/H be a simply connected homogeneous l.c.K. manifold of
dimension 4, where G is a connected Lie group with a non-trivial compact subgroup
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H. We have the Levi-decomposition G = R · S, where R is the radical of G which
can be written as R = F · T (F ∩ T = {e}) with a simply connected solvable group
F diffeomorphic to a Euclidean space and a torus T ; and S is a Levi subgroup of G
centralized by T . Note that we have G = F ·K (F ∩K = {e}), where K = T · S is a
reductive Lie group containing H.
In the case where S is trivial, G is a solvable Lie group; and an Inoue sur-
face of type S− is the only locally homogeneous l.c.K. manifold with non-trivial
H (Example 1). In the case where S is non-trivial we have 1 ≤ dimR ≤ 2 and
2 ≤ dim S/H ≤ 3; and thus R must be abelian. Hence we have M = R × K/H,
where K/H is diffeomorphic to U(2)/U(1) or U(1, 1)/U(1) for the case dim R = 2,
which is a Hopf surface (Example 2) or a properly elliptic surface ([25]) respectively;
and K/H is diffeomorphic to SU(2) or S˜U(1, 1) ∼= S˜L(2,R) for the case dim R = 1
with H = {e}, which is to be excluded. Note that the case M = R2 × K/H is
excluded since it follows that K/H is diffeomorphic to CP 1 or H (upper half plane);
and M could admit a Ka¨hler structure, contradicting that Γ\M admits no Ka¨hler
structures.
The classification of non-Ka¨hler complex surfaces except those of class VII with
b2 > 0 is known: Kodaira surfaces, Inoue surfaces, properly elliptic surfaces of odd
type or Hopf surfaces.
It is known (due to Wall [25]) that a linear primary Hopf surface with eigenvalues
λ1, λ2 has a locally homogeneous complex structure if and only if the condition
|λ1| = |λ2| holds. We will show in Example 2 that these Hopf surfaces admit locally
homogeneous l.c.K. structures. Therefore, we have obtained the following:
Except for the class of diagonal Hopf surfaces with eigenvalues λ1, λ2 (|λ1| 6= |λ2|)
(including their secondary Hopf surfaces), we can express, up to small deformations,
each of l.c.K. complex surfaces as Γ\G/H, where G/H is a simply connected 4-
dimensional homogeneous l.c.K. manifold and Γ is a discrete subgroup of G .
5 Examples
Example 1. An Inoue surface of type S− admits a locally homogeneous l.c.K.
structure of the form Γ\G/H. In fact, let G = N ⋊R with the nilpotent Lie group
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N defined by
N = {
 1 x z0 1 y
0 0 1
 | x ∈ R, y, z ∈ C},
and the action φ(t) : R→ Aut(N) defined by
φ(t) :
 1 x z0 1 y
0 0 1
→
 1 a
tx epi
√−1 t z
0 1 a−tepi
√−1 t y
0 0 1
 ,
where a,− 1
a
(a > 1) are real eigenvalues of some A ∈ GL(2,Z). If we take a closed
subgroup H of N defined by the condition x = 0, y =
√−1u, z = √−1 v (u, v ∈ R)
and Γ = Λ⋊Z with Λ a discrete subgroup of N defined by the condition x, y, z ∈ Z,
then φ(1) preserves Λ, and Γ\G/H is an Inoue surface of type S− which has an
Inoue surface of type S+ as a double covering ([11] for more details). Note that the
adjoint action of H on g is trivial mod h; hence a l.c.K. structure on g/h defines a
homogeneous l.c.K. structure on G/H. locally homogeneous manifold Γ̂\Ĝ, where
Ĝ = (NR ⋊ Z2)⋊R with the action ψˆ : Z2 → Aut(NR) defined by
ψˆ(s) :
 1 x z0 1 y
0 0 1
→
 1 x (−1)
sz
0 1 (−1)sy
0 0 1
 , x, y, z ∈ R,
the action φˆ : R→ Aut(NR) defined by
φˆ(t) :
 1 x z0 1 y
0 0 1
→
 1 a
tx z
0 1 a−ty
0 0 1
 , x, y, z ∈ R;
and Γ̂ = (NZ ⋊ Z2) ⋊ Z with the action τ : Z → Aut(NZ ⋊ Z2) defined by τ(1) =
φˆ(1)ψˆ(1) × 1.
Example 2. We can also consider = S1 × S3 as a compact homogeneous space
G˜/H, where G˜ = S1 × U(2) with its Lie algebra g˜ = R ⊕ u(2) and H = U(1) with
its Lie algebra h. Then, we have a decomposition g˜ = m+ h for the subspace m of g˜
generated by S, T, Y, Z and h generated by W , where
S =
1
2
( √−1 0
0
√−1
)
, W =
1
2
(
0 0
0
√−1
)
.
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Since we have S = X + 2W , we can take m′ generated by T,X, Y, Z for m; and
homogeneous l.c.K. structures on G˜/H are the same as those on G. In other words
any homogeneous l.c.K. structures on G can be extended as those on G˜/H.
Furthermore, we can construct locally homogeneous l.c.K. manifolds Γ\Gˆ/H for
some discrete subgroups Γ of Gˆ, where Gˆ = R×U(2). For instance, let Γp,q (p, q 6= 0)
be a discrete subgroup of Gˆ:
Γp,q = {(k,
(
e
√−1 pk 0
0 e
√−1 qk
)
) ∈ R× U(2) | k ∈ Z}.
Then Γp,q\Gˆ/H is biholomorphic to a Hopf surface Sp,q =W/Γλ1,λ2 , where Γλ1,λ2 is
the cyclic group of automorphisms on W generated by
φ : (z1, z2) −→ (λ1z1, λ2z2)
with λ1 = e
r+
√−1 p, λ2 = er+
√−1 q, r 6= 0. In fact, if we take a homogeneous complex
structure Jr on Gˆ/H induced from the diffeomorphism Φr : Gˆ/H → W defined by
(t, z1, z2) −→ (ertz1, ertz2), Φr induces a biholomorphism between Γp,q\Gˆ/H and
Sp,q. Note that in case p = q, Sp,q is biholomorphic to Sλ with λ = r +
√−1 q.
We have an example of a compact locally homogeneous l.c.K. manifold of non-
compact reductive Lie group which is not of Vaisman type ([1]).
Example 3. There exists a homogeneous l.c.K. structure on g = R ⊕ sl(2,R),
which is not of Vaisman type. We can take a basis {W,X, Y,Z} for g with bracket
multiplication defined by
[X,Y ] = −Z, [Z,X] = Y, [Z, Y ] = −X,
and all other brackets vanish. We have a homogeneous complex structure defined by
JY = X,JX = −Y, JW = Z, JZ = −W,
and its compatible l.c.K. form Ω on g defined by
Ω = z ∧ w + x ∧ y,
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with the Lee form θ = w, where x, y, z, w are the Maurer-Cartan forms corresponding
to X,Y,Z,W respectively. We can take another l.c.K. form Ωψ = ψ ∧w+ dψ, where
ψ = by + cz (b, c ∈ R) with 0 < b < c and c2 − b2 = c, making the corresponding
metric hψ positive definite. The Lee field ξ is given as ξ =
1
c2−b2 (cW + bX). It is
easy to check that h([ξ,X], Y ) + h(X, [ξ, Y ]) 6≡ 0; and thus ξ is not a Killing field.
For any lattice Γ of G = R× S˜L(2,R) with the above homogeneous l.c.K. struc-
ture, we get a complex surface Γ\G (properly elliptic surface) with locally homoge-
neous non-Vaisman l.c.K. structure.
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